We integrate appealing features of Markowitz's mean-variance portfolio theory (MVT) 
I. Introduction 16
Economic analysis regularly separates consumption decisions from produc-17 tion decisions. This separation underlies the insight of comparative advantage. 18 In Ricardo's famous example, Portugal has a comparative advantage in the pro- 19 duction of wine while England has a comparative advantage in the production of 20 cloth. People in each country are made better off by producing according to their 21 relative advantage, whether wine or cloth, and trading what they produce for the 22 combination of wine and cloth that maximizes their consumption utility. 23 Separation of production from consumption also underlies Markowitz's 24 (1952) mean-variance portfolio theory (MVT). Each mean-variance investor has 25 a consumption utility function that depends on the expected return of her overall 26 college education goal, and one is willing to take any risk, even be risk seeking, 23 with the portion devoted to getting rich. And what is one's optimal portfolio if one 24 perceives risk not as the standard deviation of the return of the overall portfolio 25 but as the probability of not reaching the threshold of each particular goal? Our 26 purpose in this paper is to answer these questions. 27 While MVT is silent about ultimate portfolio consumption goals, such goals 28 are central in the behavioral portfolio theory (BPT) of Shefrin and Statman (2000) . 29 These investors do not consider their portfolios as a whole. Instead, investors 30 consider their portfolios as collections of mental accounting (MA) subportfolios 31 where each subportfolio is associated with a goal and each goal has a thresh-32 old level. BPT investors care about the expected return of each subportfolio and 33 its risk, measured by the probability of failing to reach the threshold level of 34 return. Each mental account has an efficient frontier that reflects the trade-off be- 35 tween expected returns and the probability of failing to reach the threshold level 36 of that mental account. A BPT subportfolio is dominated when there is another 37 subportfolio with the same expected return and a lower probability of failing to 38 reach the threshold level. Investors choose subportfolios on the efficient frontier 39 by their trade-off between expected returns and the probability of failing to reach 40 the threshold level. It is important to note that risk seeking can be optimal for BPT 41 investors, while MVT investors are always risk averse. 42 Much work on portfolio optimization is devoted to attempts to maximize 43 out-of-sample performance. For example, DeMiguel, Garlappi, and Uppal (2009) 44 show that a 1/n rule yields an ex post efficiency level higher than that obtained 45 by conventional MVT techniques. Our work is different-we integrate appealing 46 features of MVT and BPT into a new framework. We call that framework the MA 47 Das, Markowitz, Scheid, and Statman 3 framework to distinguish it from both the MVT and the BPT frameworks. Fea-1 tures of the MA framework include an MA structure of portfolios, a definition 2 of risk as the probability of failing to reach the threshold level in each mental ac-3 count, and attitudes toward risk that vary by account. We do not integrate into MA 4 the BPT feature where investors might be risk seeking in their mental accounts. 1 5 This extension is left for future research. 6 The canonical MVT optimization comprises minimizing the variance of a 7 portfolio, min w w Σw, subject to i) achieving a specified level of expected return 8 E = w μ and ii) being fully invested (i.e., w 1 = 1), where w ∈ R n is a vector 9 of portfolio weights for n assets, Σ ∈ R n×n is the covariance matrix of returns 10 of the choice assets, and μ ∈ R n is the vector of n expected returns. The unit 11 vector is denoted 1. Varying E results in a set of solutions {w(E)} to this problem, 12 delivering portfolios that are mean-variance efficient. Represented graphically in 13 mean-variance space, this set {w(E)} traces out the MVT "efficient frontier" (see 14 Figure 1). 2 
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FIGURE 1
The MVT Efficient Frontier and Mental Account Portfolios
The curve in Figure 1 is the MVT efficient frontier when there are no short-selling constraints. The three diamond-shaped points on the line correspond to the three mental account portfolios presented in Table 1 . The dot on the line (third point from the left) comprises a portfolio that mixes 60% of the first portfolio and 20% each of the second and third. This aggregate of three mental account portfolios is also mean-variance efficient and resides on the frontier.
In MA the threshold return is denoted as H, and the canonical problem is to 16 maximize expected return, max w w μ, subject to a specified maximum probability 17 of failing to reach the threshold (i.e., Prob[r(p) < H] < α). Here r(p) denotes 18 the portfolio's return, and α is the maximum probability of failing to reach the 1 See work by De Giorgi, Hens, and Mayer (2005) for the relation of this problem to prospect theory and two-fund separation. The mean-variance problem with expected shortfall constraints has been analyzed in Jaeger, Rudolf, and Zimmermann (1995). 2 A sizable literature related to MVT succeeds these main results of Markowitz (1952) . For a small sampling relevant to this paper, see Markowitz (1976) , Levy and Markowitz (1979) level H (see Figure 2) . As we will see, there is a mathematical connection between 9 these two problems.
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FIGURE 2
Efficient Frontiers in MA Figure 2 presents derived MA frontiers for the inputs chosen in Table 1 . This frontier is generated by solving equations (7) and (8) for changing levels of probability (α) of failing to reach the threshold H. In Graph A, H = −10%. A higher expected return comes with a higher probability of not reaching this threshold. In Graph B, H = 0%. Similar features are evident.
The focus of this paper is the integration of portfolio production and con-11 sumption by combining the features of MVT and MA into a unified framework.
12
The main results are as follows: where wealth is maximized subject to reaching a threshold level of re- 16 turn with a given level of probability (i.e., the MA problem) is math-17 ematically equivalent to MVT optimization. This is also equivalent to 18 optimization under a safety-first criterion as in Telser (1956 4 Barsky, Juster, Kimball, and Shapiro (1997) find that eliciting preference parameters over specific behaviors yields risk tolerance levels that are borne out in tangible behavior. They also find substantial preference heterogeneity across individuals, thereby emphasizing that the need to better understand individual preferences is crucial in portfolio formation. 5 This was pointed out in the original text by William Sharpe. We cite the 6th edition here. The point is made on p. 194.
MA portfolios and also makes clear the relation of these problems to VaR. Fea-1 sibility restrictions in MA are also analyzed. Section IV analyzes the loss in effi-2 ciency from misspecification of risk aversion in a standard mean-variance set up.
3
Section V specifically examines portfolio efficiency in the MA framework when 4 short-selling restrictions are imposed. We conclude in Section VI. 5 
II. Mean-Variance Optimization of Mental Account Portfolios 6
We first present an alternate solution to the mean-variance optimization prob-7 lem that will help make the connection between MVT and MA more explicit, an- Many forms of mean-variance optimization exist, but in general they all offer 16 good approximations to most common utility functions (see Levy and Markowitz 17 (1979), Markowitz (1991) assets have a mean return vector μ ∈ R n and a return covariance matrix Σ ∈ R n×n .
22
The full statement of the MVT problem is as follows:
subject to the fully invested constraint 24 w 1 = 1, (2) where
The solution to this optimization problem in closed form is (see the Appendix 26 for the full derivation)
This optimal solution w is an n-vector and is easily implemented given it is analyt- The first asset is a low-risk asset, analogous to a bond. It has low return and 6 low variance compared to the other two more "risky" assets, analogous to a low-7 risk stock and a high-risk stock. In an MA framework, investors choose to divide 8 their aggregate portfolios into subportfolios. To make this more specific, suppose 9 an investor divides an aggregate portfolio into three subportfolios: retirement, 10 education, and bequest. She is risk averse in the retirement subportfolio and her Table 1 shows the optimal portfolio weights for the three subportfolios com- in the table, with a standard deviation of 20.32%. 21 As the coefficient of risk aversion γ declines, less is invested in the bond and 22 more in the two stocks. In the bequest subportfolio, risk aversion has dropped very 23 low and now the investor leverages her portfolio by taking a short position in the 24 bond and increasing the long positions in the two stocks. Note that the aggregate 25 portfolio is still unlevered. 26 Markowitz problem is
The first constraint requires that a fixed level of expected return be met for the minimized level of portfolio variance. This constraint mimics the effect of choosing γ in our modified formulation of the problem. The second constraint requires that all moneys be invested, also known as the fully invested constraint. The well-known solution to this problem is (see Huang and Litzenberger (1988) for one source):
The frontier is traced by repeatedly solving this problem for different values of E(R).
TABLE 1
Holdings of Mean-Variance Efficient Portfolios for Varying Risk Aversion
In Table 1 , the portfolio weights are provided for three assets computed using the solution in equation (3). Risk aversion is decreasing as γ decreases. We also show the aggregate portfolio comprising a 60:20:20 mix of the three subportfolios. The three subportfolios correspond to the retirement, education, and bequest accounts. The expected returns m of each individual subportfolios, as well as the standard deviations s, are also shown. the mean-variance impact by altering γ. Thus, in our paper, the VaR-constrained 19 problem has an alternate representation. 7 20 Second, since an MA investor divides her portfolio optimization into sub- 21 portfolio optimizations, there is the natural question of the efficiency of the aggre-22 gate of the subportfolios. We show that the aggregated portfolio is also analogous 23 to a mean-variance portfolio with a risk-translated γ coefficient with short sell-24 ing, resulting in no loss of mean-variance efficiency, even after imposing the MA 25 structure. This is true when short selling in the aggregate portfolio is permitted. 26 The case with short-selling constraints is solved in Section V. 27 We now show that solving the MA problem is analogous to solving a stan-28 dard mean-variance problem with a specific "implied" risk-aversion coefficient. 29 Consider a threshold level of return H for portfolio p, and the maximum proba-30 bility of the portfolio failing to reach return r(p) as α. In other words,
If we assume that portfolio returns are normally distributed, then this statement 32 implies the following inequality:
where Φ(·) is the cumulative standard normal distribution function. We note that 34 the assumption of normality is without loss of generality. We impose normality 35 for convenience because it is a common practical choice. Since this optimization 36 problem may be infeasible, we provide a full discussion of feasibility in Section 37 III.B.
38
The goal of the investor is to choose the best portfolio (in mean-variance 1 space) that satisfies the constraint in equation (6). Recalling that the optimal 2 weights w are given by equation (3), these may be substituted into equation (6), 3 and we obtain an equation that we can solve for the "implied" risk aversion γ of 4 the investor for this particular mental account. Noting that the constraint in equa-5 tion (6) is an equality when optimality is achieved, we have the solution to the 6 investor's implied risk aversion γ and the optimal weights w(γ) embedded in the 7 following equations:
The solution to equation (7) is easily obtained to find γ, the implied risk aversion 10 for the mental account, after equation (8) has been substituted into equation (7).
11
Note that in equation (8) given portfolio choice set (μ, Σ). We may thus write the implied risk aversion 19 for each mental account as a mapping function γ(μ, Σ ; H, α). We illustrate these 20 results by returning to our numerical example. 21 Example. Assume an investor with three mental accounts as before. The portfo-22 lio choice set is the same as in equation (4) that provides the input values of μ, Σ.
23
In the first mental account, suppose we have that H = −0.10 and α = 0.05. That 24 is, the investor stipulates that she does not want the probability of failing to reach 25 H =−10% to exceed α=0.05. Then solving equation (7) We note further that the investor can look at the probability of failing to 9 reach various thresholds once the subportfolio has been optimized. This is also 10 true in the mean-variance setting. Table 2 shows the combinations of threshold 11 return levels and probabilities of failing to reach them for the three subportfo-12 lios in Table 1 . We see that the probability that the investor would have negative 13 returns in the three portfolios is 20%, 23%, and 30%, respectively. These corre- 14 spond to decreasing risk aversions in the three subportfolios. The probability of 15 a negative return in the aggregate portfolio is 25%. Since the portfolio weights 16 are not linearly proportional to the risk-aversion coefficient γ (see equation (3)), 17 the risk-aversion coefficient implied in the aggregate portfolio is different from 18 the weighted average of the risk-aversion coefficients of the three subportfolios. 19 
TABLE 2
Threshold Return Levels and Corresponding Probabilities of Not Reaching Them Table 2 is based on the three portfolios shown in Table 1 . Each portfolio is the one that maximizes the expected return while attaining the threshold H with the specified level of probability α. 
A. Trading Off Thresholds and Probabilities
20
BPT emphasizes the trade-off between thresholds and the probability of fail- 21 ing to reach them. In MA, as in BPT, investors maximize expected wealth subject 22 to a maximum probability of failing to reach a threshold level of return, while in 23 MVT they minimize variance, subject to a level of return.
24
Efficient frontiers in MA have expected returns on the y-axis and probabil- 25 ities of not reaching a specified threshold on the x-axis. Graph A of Figure 2 presents the derived MA frontier for the retirement subportfolio in Table 1. The   1 frontier is generated by solving equations (7) and (8) for various levels of prob-2 ability of failing to reach the threshold H. For example, we set H = −10%. The 3 expected return increases as we increase the maximum probability of failing to 4 reach this threshold. We see that expected return is convex in the probability of 5 failing to reach the threshold, the MA measure of risk.
6
Graph B of Figure 2 shows the frontier generated by MA portfolios where 7 H = 0%, a common threshold because it is the dividing line between gains and 8 losses. Again, we see that increasing probabilities of failing to gain allow higher 9 expected return. An increase in risk aversion leads to a lowering of the probability of failing to 1 reach a threshold but also to a lower expected return. Graph B presents the case 2 where H = 0% and has the same inference. In Graph D, H = 10%. Here, the 3 probability of failing to reach the threshold is increasing in risk aversion, while 4 the expected return is decreasing. MA investors require compensation in the form 5 of higher expected returns for a higher probability of failing to reach a threshold 6 return. Hence the portfolio that is most to the left of the plot dominates all other 7 portfolios, and the efficient frontier consists of only that portfolio. Finally, Graph 8 C is for H = 5%. The probability of failing to reach this threshold declines at 9 first as risk aversion increases, but then it increases. Efficient portfolios lie in the 10 range where the probability of failing to reach the threshold is declining, and all 11 portfolios in the range beyond this point are dominated.
Probability of Failing to Reach Threshold Returns H and Expected Returns E(R) when Risk Aversion (γ) Varies
12
MA frontiers are plotted with fixed threshold levels with the probability of 13 failing to reach the threshold on the x-axis, and the expected return on the y-axis. 14 For each level of the threshold H we obtain a different MA frontier. Figure 4 15 shows our three MA portfolios, which have different thresholds. As thresholds 16 increase, we shift from the lowest frontier to the highest one. Our three mental 17 accounts reside on separate MA frontiers because they are optimized for different 18 thresholds, but all portfolios on these frontiers reside on the mean-variance effi- MVT frontier but corresponds to many sets of (H, α), as seen in Table 2 . 23 
FIGURE 4
MA Frontiers as Thresholds H Are Varied Figure 4 presents derived MA frontiers for the inputs chosen in Table 1 . This frontier is generated by solving equations (7) and (8) for changing levels of the probability of failing to reach the threshold (α). H is set, in turn, to −5%, −10%, and −20%. Expected return rises with the probability of failing to reach the threshold. Hence, the frontier moves to the right as H declines. The three portfolios are for three mental accounts with the following thresholds (H) and probabilities of failing to reach the threshold (α): The left-most point on the middle frontier above is for (H, α) = (−10%, 0.05), the second point from the left on the lowest frontier is for (H, α) = (−5%, 0.15), and the right-most point on the highest frontier is for (H, α)= (−15%, 0.20).
1
Achieving particular combinations of thresholds, probabilities of failing to 2 reach them, and expected returns may not always be feasible with a given set of 3 assets. The MA problem has a feasible solution when
The problem has no feasible solution when
One way to find if the problem has a feasible solution is to maximize the value of 6 the right-hand side of equation (9) and check if it is greater than H. This results 7 in the following optimization program: 
The first-order conditions are
We premultiply all terms in equation (13) we get, after rearranging,
Noting that 1 w = 1, we get
Substitute the solution for λ into equation (15) and rearrange to get the 15 equation for portfolio weights:
Note however, we have eliminated λ but we have obtained an equation with w ∈ 17 R n on both sides, since M = [w Σw] −1/2 , giving us
This is a system of n implicit equations, best solved numerically. Once we get the to reach them. 27 One of the benefits of the mental account framework is that risk preferences 28 are specified better. It is nevertheless useful to examine the loss in mean-variance 29 efficiency that occurs when our investor misspecifies her risk aversion (γ). Using 30 the same example as before, we present in Table 3 (and depict geometrically in   TABLE 3 Degradation in Expected Return When Risk-Aversion Coefficients Are Misspecified by Investors Table 3 reports the basis points loss from using a misspecified γ. The comparison is made using the utility loss translated into basis points as shown in Figure 5 . Numbers in the table are computed as the average of loss from an upward and downward perturbation of the risk-aversion coefficient by the percentage error. The three risk-aversion levels correspond to those in Table 1 . We can see that losses increase as investors become less risk averse. 
Misspecification of the
FIGURE 5
Degradation in Expected Return when Risk Aversion is Misspecified by an Investor Figure 5 shows the MVT frontier and the point on the frontier that the investor would choose if he could specify correctly his risk-aversion coefficient (γ). The tangential indifference curve is also presented. The point to the right is efficient, but it lies on a lower indifference curve. On the y-axis, we see the difference between the indifference curves with respect to the expected return.
Since it is easier for investors to specify their risk-return trade-offs in specific 4 goal-based subportfolios than in a single aggregate portfolio, they do not incur 5 the costs of misspecification, as is shown in this numerical example. Hence, MA 6 portfolios do better if they result in better specification of investor goals. However, 7 they result in a loss in portfolio efficiency because the aggregate of optimized 8 subportfolios is not always mean-variance efficient. In the next section we show 9 that this loss of efficiency is very small.
10
V. Loss of Efficiency with Short-Selling Constraints 11
So far we have assumed that short sales are allowed with no constraints. We 12 found that MA portfolios reside on the mean-variance efficient frontier. Hence, 13 solutions to the MVT and MA problems coincide. In this section, we assess the 14 MVT and MA problems when short selling is constrained.
15
Portfolio optimization in practice entails a quadratic objective function in- 16 volving expected returns and constraints that are linear in portfolio weights for 17 being fully invested. The MA problem adds a nonlinear constraint, namely, that 18 the probability of failing to reach threshold H not be greater than α. However, 19 with no short-sale constraints, we demonstrated a tractable representation of the 20 problem and a simple solution procedure (as shown in equations (3) and (7); an 21 alternate solution was provided in equation (19)). In short, our previous results de- 22 veloped full or semianalytic solutions that did not call for quadratic programming 23 (QP) optimizers.
Short-selling constraints complicate the QP problem when taken in conjunc-1 tion with the nonlinear MA constraint in addition to short-selling constraints. inequality (short-selling) constraints on the portfolio weights in this section, we 7 have to resort to QP numerical approaches and also deal with the nonlinear MA 8 constraint. We show how a reformulation of the problem allows us to obtain the 9 efficiencies of standard QP algorithms with linear constraints. 10 The MA portfolio optimization problem with additional short-selling con-11 straints is as follows:
Here w ∈ R n is the vector of constrained portfolio weights. The upper and lower 13 bound vectors are {U, L} ∈ R n , such that L ≤ w ≤ U. In order to employ 14 powerful QP routines, we recast the problem above into the program below, where 15 we embed the nonlinear constraints into a subsidiary objective function, resulting 16 in a QP with only linear constraints. The full problem statement is as follows:
where w(γ) is the solution to the following optimization program:
Hence, we solve nonlinear equation (25) (25) holds. If not, we move γ in the appropriate direction and 22 resolve the QP. We search efficiently over γ, and convergence is achieved rapidly. 23 If there is no convergence, then it also implies that the program in equations (20)-24 (21) is infeasible. 8 The solution delivers the risk-aversion coefficient γ implied by 25 the MA parameters (H, α).
26
We solved the short-selling constrained problem with the same inputs as be-1 fore. First, we generated the portfolio frontier for the short-selling constrained 2 Markowitz problem. The frontier is plotted in Figure 6 and is the right most of 3 the two frontiers. This frontier is enveloped by the unconstrained portfolio fron-4 tier (the left-most frontier), and the two frontiers coincide in the region where the 5 short-selling constraint is not binding. In the case of the retirement and educa-6 tion mental accounts, the constraint is not binding, as may be seen from Table 1 . 7 In the same table, since the optimal solution to the third mental account entails 8 short selling the first asset, we know that the solution will differ when the short-9 sell constraint is imposed. We see this point as the right-most point in Figure 6 . 10 This portfolio does not reside on the unconstrained efficient frontier but lies on 11 the constrained frontier and is efficient in the mean-variance space limited to port- 12 folios in which short selling is not permitted.
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FIGURE 6
The MVT Frontier and Mental Account Portfolios (without and with short-selling constraints)
In Figure 6 the upper curve is the MVT frontier when there are no short-selling constraints. The lower curve is the MVT frontier with short-selling constraints (see Section V), and hence, lies in a y-axis range that is bounded below by the asset with the lowest return and bounded above by the asset with the highest return. The three squares correspond to the three constrained mental account portfolios that lie on the constrained MVT frontier. The dot (third point from the left) comprises a portfolio that mixes 60% of the first portfolio and 20% each of the second and third. One can see that the aggregate portfolio is very close to the frontier, and the loss of MVT efficiency is small.
In the presence of short-selling constraints, the aggregate portfolio is not 14 necessarily on the constrained portfolio frontier. Figure 6 shows the three short-15 selling constrained mental account portfolios as well as the aggregate portfolio 16 formed from the weighted average of the three portfolios. efficiency at all, since the short-selling constraint is not binding. For two subportfolios, we varied the risk aversions (γ 1 , γ 2 ) and obtained the subportfolio weights, assuming equal weights for each subportfolio. We then solved for the single aggregate portfolio that delivered the same expected return as the weighted average return of the subportfolios. The 3D plot presents the percentage difference in Sharpe ratios between the Markowitz and mental account approaches. The worst case of efficiency loss occurs when the two subportfolios have very low risk aversion. This is intuitive, since the tendency to want leverage is highest when risk aversion is low. If leverage is not desired, then the short-sale constraint is not binding and in this case mental account optimization results in no loss of efficiency. Nevertheless, the worst case percentage reduction in the Sharpe ratio can be seen to be around only 6%. The graph also makes clear that the level of risk aversion is relevant and not the difference in risk aversions of the subportfolios. The parameters are the same as those in Figure 4 .
To stress the same example further, we induce greater leverage by reducing 1 the return on the risk-free asset and increasing the returns on the risky assets. The Figure 7 , here the return on the low-risk asset has been reduced and that on the risky assets has been increased. The variance of the low-risk asset has been reduced and that on the risky assets has been increased by 10% of the previous values to correspond to the changes in return.
associated with a goal and each goal has a threshold level. BPT investors care 1 about the expected return of each subportfolio and its risk, measured by the prob-2 ability of failing to reach the threshold level of return. portfolios, a definition of risk as the probability of failing to reach the threshold 6 level in each mental account, and attitudes toward risk that vary by account. 7 Once the investor specifies her subportfolio threshold levels and probabili-8 ties, the problem may be translated into a standard mean-variance problem with 9 an implied risk-aversion coefficient. Aggregate portfolios composed of mean-10 variance efficient subportfolios are also mean-variance efficient. However, these 11 portfolios are not identical to portfolios that are optimized by the rules of MVT 12 with a weighted average of risk-aversion coefficients across mental accounts.
13
When constraints are placed on short selling, aggregates of subportfolios are in- 14 efficient in comparison to a single optimal portfolio by only a few basis points.
15
Portfolio inefficiency that arises from investors' inability to specify accurate mean- 16 variance trade-offs in the aggregate portfolio level could be much larger.
17
The MA framework developed here provides a problem equivalence among 18 MVT, MA, and risk management using VaR. This offers a basis for sharpening such as labor and real estate. 10 9 Appendix. Derivation of Equation (3) 10 To solve this maximization problem, we set up the Lagrangian with coefficient λ: 
